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Abstract. In a two dimensional regular local ring integrally closed ideals 
have a unique factorization property and their associated graded ring is Cohen- 
Macaulay. In higher dimension these properties do not hold and the goal of 
the paper is to identify a subclass of integrally closed ideals for which they do. 
We restrict our attention to 0-dimensional homogeneous ideals in polynomial 
rings R of arbitrary dimension. We identify a class of integrally closed ideals, 
the Goto-class Q*, which is closed under product and it has a suitable unique 
factorization property. Ideals in Q* have a Cohen-Macaulay associated graded 
ring if either they are monomial or dimi? < 3. Our approach is based on the 
study of the relationship between the notions of integrally closed, contracted, 
full and componentwise linear ideals. 



1. Introduction 

Thanks to the work of Zariski, integrally closed ideals of two-dimensional regular 
local rings {R, m) are well-understood. In such rings the product of integrally 
closed ideals is integrally closed and there is a unique factorization property for 
integrally closed ideals into product of simple integrally closed ideals. In higher 
dimension, these properties no longer hold, see the examples in [Cl IC3[ [Hi |L] . 
The identification of analogues of Zariski's results is an active research area. In this 
direction we mention the work of Cutkosky [Cl IC1[ IC2[ IC3| , Deligne [D] , Huneke [H] 
and Lipman [L]. Several authors considered other related problems, as for instance 
the description of integrally closed ideals / such that Im is integrally closed as well, 
see ICGPUl iDCTl lDC2l lEMl IG^ ICTni IHH] . 

In this paper we deal with homogeneous ideals of i? — K[xi, . . . , Xn], the poly- 
nomial ring over a field K. For an ideal / we denote by o(/) the order or initial 
degree of /, by Ij the homogeneous component of degree j of / and by I^j) the ideal 
generated by Ij. We set m = (xi, . . . , a;„). 

Our goal is to identify a class of m-primary integrally closed ideals of R which 
behaves, as much as possible, as the class of integrally closed ideals in dimension 
2. To this end, we study the relations between four properties of ideals: 1) being 
integrally closed, 2) being componentwise linear, 3) being contracted (from a qua- 
dratic extension), 4) being m-fuU. It turns out that 1) implies 3), that 2) implies 
3) and that 3) implies 4). Also, for ideals / such that I + {£) = m°(^^ + {£) for some 
linear form £, one has that 4) implies 2). 
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We then consider the class C of the m-primary ideals of R satisfying / + (i?) = 
+ for some linear form I and having property 4), (equivalently 3) or 2)). 
Denote by C* the set of the ideals in C that are integrally closed. We prove that 
C is closed under product and integral closure, see Proposition 13.51 Further, we 
prove in Theorem 13.131 that C has a factorization property that looks like Zariski's 
factorization for contracted ideals in dimension 2 ZS, Appendix 5, Thm.l]. An 
important role in Zariski's factorization theorem is played by the characteristic 
form g{l) defined has the GCD of the forms of degree o(/) in /. Given I ^ C for 
every j e N we define Qj{I) to be the saturation of I(^j^^o{i))- In our context, the 
characteristic form is replaced by the ideal Qo{I). 

We show that given / e C, one has / e C* ifll Im G C*. But, unfortunately, C* is 
not closed under product. We then consider the Goto-class Q defined as the set of 
the ideals I d C such that for every j the primary components of Qj (/) are powers of 
(necessarily 1-dimensional) geometrically prime ideals. Integrally closed complete 
intersections, characterized by Goto fG^, are in Q, see Theorem 14.91 We prove in 
Proposition 14. 71 that Q is closed under product and that it is compatible with the 
factorization of C. We define Q* to be the set of the integrally closed ideals of Q. We 
then show that Q* is closed under product and has a unique factorization property, 
see Theorem 14.81 The simple elements in Q* have a "simple" description: up to a 
change of coordinates, they are of the form {xf, . . . , a;5^_;^, x^) for coprime d, t with 
d < t. Lipman and Teissier [LTj and Huneke |H2j proved that integrally closed 
ideals in two dimensional regular local rings have a Cohen-Macaulay associated 
graded ring. It is natural to ask whether the same holds for ideals of Q* . We 
conclude the paper by showing that ii I £ Q* and either / is monomial (e.g. Qo{I) 
has at most two minimal primes) or dimi? < 3, then the associated graded ring 
grj{R) is Cohen-Macaulay, see Corollary [412] and Theorem 14. 141 

2. m— FULL, CONTRACTED AND COMPONENTWISE LINEAR IDEALS 

Throughout the paper let R = K[xi, . . . , Xn] be a polynomial ring over a field 
K, and m = (xi, . . . All the ideals we deal with are homogeneous (with few 

exceptions) . 

Let / be an ideal of R. Denote by /i(/) the minimum number of generators of / 
and by o{I) the initial degree (or the order) of /, that is the least degree of non-zero 
elements in /. 

In this section we discuss the relations between m-fuU, contracted and componen- 
twise linear ideals. First we introduce some notation and recall definitions. Denote 
by I3ij{l) the ij— th graded Betti number of / as an i?-module. The Castelnuovo- 
Mumford regularity of / is given by 

reg(/) = max{j - i : (3^j{I) ^ 0}. 

The ideal / has a linear resolution if reg(/) = o(/). For general facts on the 
Castelnuovo-Mumford regularity and its characterization in terms of local coho- 
mology we refer the reader to |E]. For every integer j denote by Ij the i^- vector 
space of the forms of degree j in /, and by the ideal generated by the elements 
of Ij. The ideal /^^^ has a linear resolution for j > reg(/). 

Given two ideals / and J, we set I : J°° — Ufe/ : J'^ . We denote by 7''^* the 
saturation of / with respect to m, that is 

= / : m°°. 
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For short wc will denote the ideal {I{j} Y'^^ by I^^y 

Definition 2.1. An ideal / C i? is said to be componentwise linear if J^^;^ has a 
linear resolution for every d G N. 

For every non-zero linear form ^ in i? we consider the quadratic transform S of 
R associated to £. By definition S = R[m/£] = UfceNm'^/^'^. 

Definition 2.2. An ideal / C i? is said to be contracted (from a quadratic ex- 
tension) if there exists a non-zero linear form i in R such that I = IS D R, where 
S = R[m/e]. 

Proposition 2.3. Let £ be a non-zero linear form in R and I C R an ideal. Set 
S = R[m/e] and J = ISnR. We have: 

(1) J = UfceN(/m'= 

(2) J is homogeneous. 

(3) J, = ^-),. 

Proof. (!) follows immediately from the fact that IS = yj^Im!' / . Then (2) follows 
from (1). To prove (3) consider f G R homogeneous of degree j. We have / S Jj 
iff f£'' e (/m'^)j+fc for every fc » 0. Since (/m'^)j+fc = {I(^j^)j^k we have / g Jj iff 
fl^ e /(j) for every fc > 0. Hence / e iff / e J^^) : 1°^ = /^j'* : □ 

In the following we denote by Ass(M) the set of the associated prime ideals of 
an i?-module M . 

Definition 2.4. Let / be an ideal of R. We set 

Ass^^-^PCi?//) = U,>o(,) Ass(i?//o)). 

Lemma 2.5. Let I he an ideal of R with generators in degrees di,...,dp, di < 

■ ■ ■ < dp. We have 

Ass™'°P(i?//) = Ass(i?//(,^)) U • • • U Ass(i?//(,^)) U {m}. 
In particular, Ass™'°P(i?//) is finite. 

Proof. The assertion follows immediately by observing that if / has no generators 
in degree j + 1, then /(j+i) = I{j) n m^+^. □ 

Definition 2.6. Let / be an ideal. We denote by U{I) the (finite) union of the 
prime ideals in Ass'=°"P(i?//) \ {m}. 

Proposition 2.7. Let I be an ideal with generators in degrees di, . . . , dp with di < 

■ ■ ■ < dp and set dp^i = oo. The following conditions are equivalent: 

(1) / is contracted from R[m./£] for some non-zero linear form £. 

(2) / is contracted from R[ni/£] for every non-zero linear form £ with £ ^ U{I). 

(3) {Ilpj = I, for every j G N. 

(4) ~ Ij for every j with dk < j < dk+i and k = \, . . . ,p. 

Proof. Obviously (2) implies (1). That (I) imphes (3) follows from /j = {P(^^ : £°°)j, 
which holds byO and {I^f^ : £°°)j D {Pi^^)j D Ij. For (3) implies (2) one notes 
that if ^ ^ [/(/), then we have I^^^^ : £°^ = P^^^ and by assumption {11"^) j ^ Ij- It 
follows then from 12.31 that / is contracted from R.[m/£]. Finally, that (3) and (4) 
are equivalent follows from the observation that if / has no generators in degree 
j + 1, then /(j+i) = /(j) n m^+i and hence /^J^^^ = P^^^. □ 
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Proposition 2.8. Every componentwise linear ideal of R is contracted. 

Proof. Since / is componentwise linear, we have reg(/(j^ ) = j for every j and hence 
^ (/^^.^)^. = (/^^pj. The resuh follows by[2J] (2). □ 

In dimension 3 or higher contracted ideals need not be componentwise linear. 

Example 2.9. {xf, x^) is contracted but not componentwise linear in X[a;i, X2, xa]. 

The following definition is due to Rees. We adapt it to the graded case. 

Definition 2.10. An ideal / C i? is said to be m— full if there exists a non-zero 
linear form ^ in i? such that /m : £ = I. 

Ideals which are m-fuU are studied in [Wl[ IW2[ IW3[ [G] . It is easy to see that if 
/ is m— full, then I : £ = I : m. Moreover, if / is m-full then /m : £ = I holds for 
a general linear form £. Bv l2.3l we have immediately that: 

Proposition 2.11. Every contracted ideal of R is m-full. 

The following example shows that the converse of l2.11l does not hold. 

Example 2.12. The ideal / — (xf,X2,xfx3) + {xi,X2,X3)^ of K[xi,X2,X3] is m- 
fuU. But / is not contracted and Im is not m— full. 

We recall that an element a of i? is said to be integral over / if it satisfies an 
equation of the form a* + ria*^^ + ■ ■ ■ + rt — 0, with ri € P for every i = 1, . . . , i. 
The elements of R which are integral over / form an ideal, the integral closure of /, 
denoted by /. An ideal is said to be integrally closed if it coincides with its integral 
closure. 

Proposition 2.13. Let £ e Ri\ U{I) and S = R[va/£]. Then 

I cisnRcl. 

Proof. By 12.31 we have for every j 

{isnR),^{ilp,. 

Hence for every / e {ISr)R)j we have /m'^ C /^j^m'^ for some k. The "determinant 
trick" implies that / G In particular, f E I. □ 

As a corollary we have: 

Corollary 2.14. Every integrally closed ideal of R is contracted. 

Under the assumption that / is m-primarv 12 . 14l is proved in jPCli Lemma 3.3]. 
Further in pCJ, 2.4] it is proved that integrally closed ideals are m-full in a much 
more general context. Summing up, we have seen that the following implications 
hold: 

Componentwise linear => Contracted =^ m — full 
Integrally closed 

In dimension 2, componentwise linear, contracted and m-full are equivalent prop- 
erties, but, as seen in l2.9l and l2.121 in dimension 3 and higher they differ. 
For an i?-module M we denote by length(M) its length. 



INTEGRALLY CLOSED AND COMPONENTWISE LINEAR IDEALS 



5 



Lemma 2.15. Let I he an m-primary, m-full ideal of order d. For every ideal J 
containing I and for every £ such that Im : £ = I one has 

- ^i{J) = length(m.//m/ + £J). 

It follows that > /i(J) and, in particular, > ^(m**). 

Proof See [Gi Lemma 2.2. (2)]. □ 

One says that / has the Rees property if > fi{J) for every ideal J ^ I. Under 
the assumption that / is componentwise Unear ideal, the inequality fj,{I) > fj,{m'^) 
is proved in |CHHi 3.4]. A sort of Rees property is still valid for m-full ideals 
not necessarily m-primary. We refer to |CHHi 3.2] for the corresponding result for 
componentwise linear ideals. 

Proposition 2.16. Let I and J be ideals of R. Assume that I is m-full, I Q J 
and It — Jt for i 3> 0. Then fi(I) > fJ.{J). 

Proof. First we remark that if / is m-full, then / + m* is m-full for every integer 
t > 0. Now, since / + m* C J + m* and / -I- m* is m-primary and m-full ideal, it 
follows that /i(/-|-m*) > /i(J + m*) bv l2.15l Since It = Jt for i ^ 0, the inequality 
+ m*) > fi{J + m*) for t > implies that fi{I) > fi{J). □ 

Proposition 2.17. Let I d R be an ideal of order d and let £ be a non-zero linear 
form. Assume that I + {£) = m'^ + {£). Then 

(1) if I is m-primary, then < /i(m'^). 

(2) +£(/:£). 

(3) dimi?//<rf) < 1. 

Proof. (1) li I + {£) = m"* + {£) holds for a linear form, then it holds for a generic 
linear form. Thus we may consider a sequence yi, . . . ,yn of generic linear forms in 
R with / -I- (yi) = m'' -I- (j/i), and set 

ai{I) = length([/-|- (yi, . . .,yi)] : y,+i/[/+ (yi, . . ■,y,)]). 

By pffll 1.2], we have fi{I) < J^'^'^l ai{I). We remark that ao(/) = length(/ : 
yi/I). By the exact sequence: 

I I I i+(yi) 

it follows that lcngth(/ : yi/I) = lcngth(i?/(/ + (yi))). Since /-H (yi) = m'* + (yi), 
we have ao(-^) = length(i?/m'' -I- (yi)). Moreover for every integer i > 1 we have 
[(yi, ...,y^) + I] : y,+i/[(yi, . . . ,y^) + I] = [(yi, ...,yi) + m'^] : y,+i/[(yi, . . . ,yi) + 
m'']. Then ai{I) = Qi(m'') and the result follows since Y^^=q = Y^lZo on{m'^) 

and YTi=^ ai{m'^) = ^i{m'^). 

(2) The inclusion D is obvious. To prove the other inclusion we note that by 
assumption m'' C /^^^ + [£). Thus / C m"^ -I- {£) C /^^^ -|- in particular / C 
/(d) + Wn/ = /(rf) + ^(/:^). 

(3) By assumption, m'' C /^^^ -|- (^), that is m = \/£ mod I/^j^y The conclusion 
follows by KruU hauptidealsatz. □ 

We are ready to prove the following theorem. 

Theorem 2.18. Let I he an m-primary ideal of order d such that I+{£) — m'^-\-{£) 
for some non-zero linear form £. The following conditions are equivalent: 
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(1) - M(m'*), 

(2) / is m-full, 

(3) / is contracted, 

(4) / is componentwise linear. 

Proof. The implications (4) =^ (3) =^ (2) hold in general bv l^ETD That (2) 
implies (1) follows bv l2.17r i) and 12. 151 It remains to prove (1) implies (4). We may 
assume that !+{£) = m'^ + {£) for a general linear form. With the notation of the 
proof of l2.17| one sees that the assumption (1) can be stated as ^(/) = J27=o '^ii^)- 
Then by [CHHl 2.3, 1.5], we conclude that / is componentwise linear. □ 

In dimension 2 products of contracted ideals are contracted. This is not true in 
higher dimension. 

Example 2.19. Let R = K[xi,X2,X3], and / = {x\,XiX 2^x^x1). The ideal / 
is componentwise linear and hence contracted and m-full. But P is not m-full 
(therefore not contracted and not componentwise linear) . Take J — I + m^ to get 
an m-primary example. 

The following result will be useful in the next section. 

Theorem 2.20. Let I, J be componentwise linear ideals. Let d be the order of I 
and assume that dimi?//^^;^ < 1. Then IJ is componentwise linear. 

Proof. First assume that / is generated in degree d. One has {IJ)d+s = IdJs for 
every s e N. Now since dimi?//^^) < 1, by |CH| 2.5], reg(/(d) J(s)) = d + s. Hence 
IJ is componentwise linear. 

Assume now that / has generators in various degrees. Let . . . , y„ be a generic 
sequence of linear forms. For 1 < p < n denote by Hi{yi, . . . , yp, R/IJ) the first 
homology of the Koszul complex of R/IJ with respect to t/i, . . . , j/p. In order to 
prove that I J is componentwise linear, by |CHH|, 1.5, 2.2], it suffices to prove that 
mi?i(yi, ...,yp, R/IJ) = for every p. Since dimi?//(d) < 1 and reg(/(d) + {yi))< 
reg(/((i)) — dwe deduce that I + {yi) = m'' + Consider the Koszul complex: 

K : • • • ^ n n i?. 

We have to prove that m(Q!i, . . . , ap) € Image(i^2) + UR^ for every (ai, . . . , ap) G 
RP satisfying . . . , Up) £ IJ . 

Since I + {yi) ^ m.'^ + [yi) , then by [2171^ 2). we have / = /(d) : yi). Thus 

I J = [1(d) +vi{i- yi)]J = hd)J + yi{i ■■ vi)J- 

As consequence we may write ai j/i -I- Q!2j/2 + • • • + OLpyp = a + byi with a G /(d) J and 
b ^ {I : j/i) J, that is (ai — b)yi + Q;2y2 + • • • + Q!p2/p G ^d)J which is componentwise 
linear by the first part of the proof, thus m(Q;i — &, a2---,Q;p) G Image((/52) + 
/(d) J/?P C Image((y92) -I- IJRP. The conclusion follows by noting that m6 G Jm(/ : 
yi) = Jm(/ : m) C JI. □ 

3. The classes C and C* 

In this section we define and study the properties of a class of m-primary ideals 
of /? = K[xi, . . . , Xn] denoted by C and of its subclass C*. Before giving the formal 
definition let us recall few notions that are needed in the sequel. Given an ideal / 
with dim/?// = t, the multiplicity e{R/I) of R/I is, by definition, {t — 1)! times 
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the leading coefficient of the Hilbert polynomial of i?// if t > and it is dim/^ R/I 
otherwise. In particular, by definition, we have e{R/ R) = 0. 

Definition 3.1. We define C to be the class of the ideals / of i? of finite colength 
such that: 

(1) /+(€) = m°(^^ + (£) for some non-zero linear form £, 

(2) / verifies one of the equivalent conditions of 12.181 
We also set 

C* = {I E C . I is integrally closed}. 

Remark 3.2. (1) In the definition above we say "finite colength" and not sim- 
ply "m-primary" because we want C to contain R. 

(2) If n = 2, then C is the class of contracted ideals. 

(3) It follows from ICHHl 3.4] that C can be also defined as the class of finite 
colength ideals I which are componentwise linear with ii(I) = /z(m°^^-'). 

The next example shows that C cannot be defined as the class of "contracted 
ideals with ^(/) = ^(m°(^))". 

Example 3.3. In K[xi,X2,X3] the ideal / = (xf, 2:2X3) + m^ is integrally closed, 
hence contracted and m-fuU. Furthermore — /x(m^). But I ^C. 

However we have: 

Lemma 3.4. Let I be an ideal of R of finite colength and order d. If both I and 
ml are m-full and = /i(m''), then ml G C. 

Proof. Since / is m-full and ~ /i(m'*), then by 12.151 applied with J = m*^ we 
deduce that there exists £ such that m'^+^ + {£) = Im + {£). Since ml is m-full, 
we conclude that ml G C. □ 

The class C is closed under the product and the integral closure. 

Proposition 3.5. If I,J e C, then IJ £ C and 7 £ C* . 

Proof Set d = o{I) and di = o{J). Choose £ such that I + {£) = m'^ + {£) and 
J -I- {£) = m'*! -f- {£). Hence m'^+'^i -|- {£) C IJ + {£). Since the opposite inclusion 
is obvious, one has m'^^'^'^ + {£) — IJ + {£). Furthermore bv l2.17l the dimension of 
R/I{d) is < 1. Hence I J is componentwise linear bv 12.201 Hence IJ £ C. As for 
/ one notes that, by degree reasons, o(/) — d and m'* I + {£) I + {£)■ Being 
integrally closed, / is contracted. It follows that I £ C*. □ 

Example 12.121 shows that the class defined by the conditions "m-full and fi{I) = 
/i(m°(^^)", which properly contains C, is not closed under the product. 

In dimension 2, to every contracted ideal / of order d one associates its charac- 
teristic form g{I) which is, by definition, the GCD of the elements in I^,. Zariski 
proved [ZS} Appendix 5] a factorization property for contracted ideals in dimension 
2. The factors are characterized by having pairwise coprime characteristic forms 
which are powers of irreducible forms. Now we want to generalize Zariski's theorem 
to the class C. To this end we will give another description of the ideals in it. 

Definition 3.6. We denote by A the set of the families Q — {Qj}jeN of homoge- 
neous ideals of R satisfying the following conditions: 
(1) Qj C Qj+i for every j. 
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(2) Qj = R for J > 0, 

(3) whenever Qj ^ R, the ideal Qj is saturated and dim R/Qj = 1. 
Given Q = {Qi} G A, let dp = reg(Qo)- For every fc g N we set 

/(Q,/c) = ®j6N(Qj)<io+fc+J- 

We have: 

Proposition 3.7. For every Q = {Qj} E A and for every fc G N, one has 

I{Q,k)eC. 

Proof. Since Qj C Qj+i we have RiQj C Qj+i and hence Ri{Qj)do+j+k Q 
{Qj+i)do+j+i+k- This proves that I{Q, k) is an ideal. If Qq = R, then I{Q, k) = m'^ 
for all A; > 0. Assume now that Qo R- Let be a linear form non-zero-divisor on 
R/Qq. Since reg Qo — do, the ideal Qo + {£) is 0-dimensional of regularity do- It fol- 
lows that m''« C Qo + (i)- Therefore m'^»+'= C {Qo){do+k) + (^) C /(Q, fc) (^) and 
hence m*'+'^-|-(£) = /(Q, fc)-l-(^). It remains to prove that I{Q, k) is componentwise 
linear, that is, {Qj){do+h) has a linear resolution for every /i g N. By assumption 
Qj ^ Qj+i Sind they define Cohen-Macaulay rings of the same dimension or are 
equal to R. It follows that reg{Qj) > Teg{Qj+i). Hence ieg{Qj) < reg(Qo) = do 
for every j. Then for every h > we have {Q j) (do+h) has a linear resolution. This 
proves the assertion. □ 

Given an ideal / in C of order d, for every j > 0, we set 

Q,{I) = )^^*. 

Proposition 3.8. Let I £ C and d ^ o{I). For every j E N set Q{I) {Qj{I)} 
and do — Teg{Qo{I))- Then Q{I) E A and d> do- 

Proof. Since I(^d) has dimension < 1, then Qj{I) is saturated of dimension 1 or it 
is equal to R. Moreover I(d+j)Ri Q I{d+j+i) ^ ^{d+j+i)- Hence Qj{I) C Qj^i{I]. 
We have do = reg(Qo(/)) < reg/^^) = d. □ 

As a consequence we have: 

Theorem 3.9. With the notation of \3.7\ and \3.8\ the applications 

(p : AxN — > C and t/j : C ^ A x N 

defined by ip{Q, fc) = liQ, k) and ~ {Q{I), d — do) are inverse to each other. 

Proof. That the maps are well-defined follows from 13.71 and 13. 81 That are inverse to 
each other is a straightforward verification based on the observation that if J is a 
saturated ideal generated in degree < t, then J/^t) = Jnm* and hence J^^-^ = J. □ 

We need to recall now few facts about the ideal transform. Let S — R[m/£] 
where £ is a non-zero linear form. Clearly mS = {£)S and for every homogeneous 
element / of degree d one has / — {f in S. Hence for every ideal / of order 

d we have 

IS ^ i'^I', 

where /' is an ideal of S. The ideal /' is called the ideal transform of / in S. 

Proposition 3.10. Let I, J E C with o{I) > o{J). The following facts are equiva- 
lent: 
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(1) Qj{I) = Qj{J) for every j. 

(2) /m'* = Jm'' for some r, s G N. 

(3) / = Jm'' where r — o{I) — o{J). 

(4) I' = J' in S = R[m/£\ for every linear form £. 

(5) r ^ J' m R[xa.l(] for a linear form I not in U{I) U U{J). 

Proof. Conditions (1), (2) and (3) are equivalent by [37l EH and [3Jl That (3) 
implies (4) is clear by construction. That (4) implies (5) is obvious. Assume (5) 
and set r = o(J) - o(J). Then IS = t^^'^V and Jra'S = Tr^-^) J' = IS. Since 
J E C, we have Jm'' e C bv 13.51 Hence / and Jm'' are contracted from S. Since 
they have the same extension, it follows that / = Jm''. □ 

Definition 3.11. For /, J e C we set / = J if / and J verify the equivalent 
conditions of 13.101 

In a different setting a similar equivalent relation is introduced in [L]. 

The extension R — > i?[m/a;„] can be identified with the X-algebra homomor- 
phism <f> : R —f R sending Xi — > XiXn for i = 1, . . . , n — 1 and a;„ to Xn- One 
has (f>{f{xi, . . . , Xn)) = 2;^/(a;i, . . . , Xn-i, 1) for every form of degree d. Denote 
hy (j)' : R —^ K[xi, . . . ,Xn-i] the dehomogenization map, that is, the JC-algebra 
homomorphism sending Xi Xi for i — 1 , . . . , n — 1 and x„ to 1 . So we have 
= Xn(j)'{f) for every form of degree d. 

Let J € C of order d. Let Pi, ... , Pm be the minimal primes of Qo{I) = I^^^, 
necessarily homogeneous of dimension 1 (with m = if Qo{I) = R, that is, / = m''). 
Note that, by construction, / is contracted from any extension i?[m/^] with £ ^ UP;. 
After a change of coordinates, we may assume that x„ ^ U™ ^P; and take i = x„. 
'We may write / = J2j>o hi+d) ^^'^ ^o 

<P{I)R = '^(^■+rf>)^ = 4 E ^'{Iu+d))xi. 

j>0 j>0 



It follows that 



that is 



r = J2cj^'{i^,+,^)xi 



J>0 



/' = I E % < : e (t>'{I{j+d) ) } ■ 
j 

Proposition 3.12. With the notation above, we have: 

yp = n^i(0'(P)p + (x„)) 

and (j)'{Pi)R+ (a;„) are distinct maximal ideals of R. 

Proof. By definition, Qj{I) — I^ijXd)- Hence for some u G N one has x'^^Qj{I) C 
I{j+d) ^ Qj {I) which implies 

0'(/o+d))-</>'(Qj(/)). 

It follows that 

(3.1) /' = E<^'(Q.U)K- 

j>0 
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Since Qj{I) = R for j 3> we have that G /' for j ^ 0. As a consequence we 
have: 

The known properties of the dehomogenization, see for instance [KRl Section 4.3], 
guarantee that \/(j)'{Qa{I)) = n™ j</)'(Pi). The rest foUows since 4>'{Pi), as an ideal 
of K[xi, . . . , Xn-i], is maximal and (j)' {Pi) ^ (p' {Pj) for i ^ j ■ □ 

The next result generalizes Zariski's factorization theorem for contracted ideals 
[ZS'i Appendix 5, Thm. 1] to the class C. The role played in [ZSj by the characteristic 
form is played here by the ideal Qq{I). We call Qq{I) the characteristic ideal of /. 

Theorem 3.13. Let / G C and let Pi, ... , P„i be the minimal prime ideals of Qq[I). 
We have: 

(1) There exist ii, . . . , Lm G C such that 

I = L1L2 ■ ■ ■ L„i 

and every Li has a Pi-primary characteristic ideal. 

(2) The Li 's satisfying (1) are uniquely determined by I up to =. In particular, 
Qj{L,) =Qj{I)Rp^nR. 

Proof. First we prove that the Li's defined as in (2) satisfy (1) and then we prove 
the uniqueness of the Li. For i — 1, . . . ,m and j G N set Qi = {Qj{I)Rp. n i?}jgN- 
Then set Li = I{Qi,0). By construction, Li & C and Qj{Li) — Qj{I)Rp. n R and 
hence Qo{Li) is P^-primary. By 13.51 we have L1L2 ■ ■ ■ L^ & C. According to 13.101 
to prove (1) it is enough to show that 

(3.2) I' = L[L'2---L'„, 

in S" = i?[m/^] for a general linear form £. After a change of coordinates, we may 
assume that Xn ^ Pi for every i and hence take £ = Xn- Using formula p.ip to 
describe /' and the L.^'s, (|3.2p becomes equivalent to 

m 

(3.3) 0'(Qj(/))-En'^'w^-^(^fc)) 

* fe=i 

for all j, where the sum of the right hand side is extended to all the ji, . . . ,jm 
such that .ji + j2 + ■ ■ ■ + im = i- Equivalently, 

m 

(3.4) 0'(g,(/)) = 0'(^nQ^-^-(^'^))- 

* k=l 

If we show that: 

Claim 3.14. Qj{I) is the saturation of IlfeLi Qjki^k) 

then we are done because two homogeneous ideals with the same saturation become 
equal after dehomogenization. To prove the claim we locaHze HfeLi Qjki^k) at 
each Pi. What we get is Qj-{Li))Rp. where the sum is exteded to ji < j, that 
is, Qj{Li)Rp.. Since QjiL^) = Qj{I)Rp^ n R we have Qj{Li)Rp. = Qj{I)Rp^. 
This proves the claim. Now assume that there are other ideals Wi G C such 
that I = Wi---Wm a^d QoiWi) is P,-primary. Then /' = Wi---W;^. Since 
by Proposition 13.121 the are primary to distinct maximal ideals, we have that 
/' = W{ n . . . n Wm is a primary decomposition. By the uniqueness of minimal 
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components in primary decompositions, we have Wl — L'^ and hence Wi = Li as 
desired. □ 

We present now a formula for the Hilbert series of / in terms of the Hilbert 
series of the ideals Li, . . . ,Lm appearing in the factorization of Theorem 13. 131 If 
dimi? = 2, this has been already done in |CDJRl 3.10]. 

Since / is an m-primary ideal, then length(7'^//'^+^) is finite for every integer k. 
The Hilbert function HF/(fc) of I is defined as 

HF/(fc) = length(/'=//'=+i). 

The Hilbert series of / is 

HS/(z) = ^HF/(fc)z'=. 

fc>0 

It is well known that the Hilbert series is of the form 

, , ho{I) + hiiI)z + ... + h,iI)z^ 
HS/W = ^^^y^ , 

with hi{I) £ Z for every i, ho{I) = length(_R//) and e(/) — J2i=o^ii-^) 
multiplicity of /. By definition, the h-polynomial of / is 

hi{z) - hoil) + hi{I)z + ... + h,{I)z'. 

Lemma 3.15. Let I be in C and let I = L1L2 ■ ■ ■ L„i be the factorization of \3.13\ 
One has 

m 

length(m'*//) = ^ length(m*/L,) 

1=1 

where d — o{I) and di — o{Li) for every i — 1, . . . , m. 

Proof. Since TegQj(I) < d, then dmiK{Rd+j / Id+j) coincides with the multiplicity 
ofR/Qj{I). Hence 

length(i?//) = length(i?/m'^) + ^ e{R/Qj{I)). 

Thus length(m''//) = J2j>o^(^/Qji^))- ^i^ce we know that Qj{I) = Qj{Li) n 
••• n Qj{Lm), the multiplicity formula [BHj, 4.7.8] implies that e{R/Qj{I)) = 
Z^i" 1 and thus 

m 

length(mV/) - ^e(i?/Q, (/)) = ^ ^ e(i?/Q,(L.)) 

j">0 i>0 i=l 



= J2T.<^/QoiLi^) - ^lengthK-ZL,). 

i=l j>0 r=l 

□ 

Proposition 3.16. With the notations of \3.15\ we have: 

m m 

US J {z) = Y, HSl, (z) + HS^. {z)-Yl ^^m". (^) 
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and in particular 



Proof. Note that for every integer k the factorization of l'' is: 

jk T k T k T k 

1 = 1^2 ■ ■ ■ 

and hence 

length(m'=V^'') = V length(m'='^VLf ). 



=1 



To conchide, first rewrite length(m'^''//'^) as length(i?//*'') — length (i?/m'"^) and 
similarly for the L^'s and then sum up. □ 

Example 3.17. In K[x,y,z] consider the ideal / — {x^ , ,xy,yz,xz) of C. 
We have Qo{I) — {xy,yz,xz) and Qj{I) = R for j > 0. It follows from 13.131 
that / = L1L2L3 where Li — {x'^,y,z),L2 = {x,y'^ , z), = {x,y,z'^). To get an 
equality of ideals, we have to multiply the left hand side by {x, y, z): 

{x, y, z){x^,y^, z^, xy, yz, xz) = {x^,y, z){x, y^, z){x, y, z^). 

Taking into account that d = 2, rfi = ^2 = c^s = 1 and that the Li a are complete 
intersections, we may applv [3TT61 and get: 

HS,(z) = 3-^ + ^i-^-3- 



(l-z)3 [l-zf {l-zf 
that is 

The ideal of Example 13.171 appears in [CJ and [L] . 

Theorem 3.18. Let I eC. Then 

(1) ml = ml. 

(2) I eC* if and only if ml e C* . 

Proof. (1) The inclusion ml C ml holds in general, see [HSj 1.1.3]. Using the 
characterization of integral closure by means of valuations, one shows that 

ml 

for every ideal / and general linear form £, see the proof of [H2', 3.1,3.3] for details. 
Since I e C, then ml + {£) = ni°^''>+^ + (£) is integrally closed. Then ml C 
ml + {£) = ml + (£). Hence 

ml = {ml + {£)) n m7 = ml + £{ml : £) ^ ml + (7 C ml. 

(2) If / e C* then (1) implies ml e C* . Conversely if ml e C* then rn7 : £ = 
ml : £ — I. Since / is m-fuU, it follows I — I. □ 

Special cases of Theorem l3.18l and Proposition l3. 191 appear in [DClj . In general, 
even for a normal ideal / the product ml need not be integrally closed, see |DC2| 
Example 7.1]. 

Proposition 3.19. We have: 

(1) If I (z C* then I' is integrally closed. 
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(2) // /' is integrally closed and I is contracted, then I is integrally closed. 
In particular if I (z C, then I Cz C* if and only if I' is integrally closed. 

Proof. Since IS — £"^1' and S* is a polynomial ring (hence normal), then (1) follows 
if we prove that IS is integrally closed. Consider the integral equation 

s"" + ais"'-^ + ■ ■ ■ + a„, = 

with s G S, ai & {ISy. For every i = 0, . . . ,m, we may write Ui = bi/l" with 
bi G Pm°' and a a fixed positive integer. Multiplying by i"^" we get an equation 
among elements of R, namely 

+ + • • • + (62r)t'"-2 + . . . + = 

where t = and fei^^'^^^" G Pm'"'. Since /m" is integrally closed bv lXTHl it 
follows that t^ sr € /m". Hence s € IS. 

We prove now (2). Let x & R and G /* such that 

x"" + aix"'-^ + ■ ■ ■ + a,n = 
and we claim that x G I. Note that ai/t''- G (/')* and 

{x/ey^ + ai/e^x/i'^)"'-'^ + ■■■ + a„^/e'^"' = o. 

Since /' is integrally closed, it follows that x/£'^ G /', that is, x £ IS. Since / is 
contracted we have x E I. □ 

Theorem 3.20. Given I E C let I = L1L2 ■ ■ ■ Lm be the factorization of \S.13[ 
Then I E C* if and only if Lj G C* for every j = 1, . . . ,m. 

Proof. Assume that / is integrally closed. Bv l3.19r i). /' = L'l- ■ ■ L'^^ is integrally 
closed. Since L'^, . . . ,L'^ are primary to distinct maximal ideals, by localizing and 
contracting back one has that each L'^ is integrally closed. Hence each Li is integrally 
closed by I3.19r 2'). Conversely if Li is integrally closed for every i ~ l,...,m, 
then L'i is integrally closed by l3.19r iV It follows that so is /' ~ L'l- ■ ■ L'„^ since 
L[--- LJ„ = L[n ■■■ n L'„. Finally by [XTW 2) we conclude that / is integrally 
closed. □ 

The following examples show that the class C* is not closed under product (for 
n > 3) and powers (for n > 4): 

Example 3.21. (1) The ideals (x, y)^ + {x'^z) + m'^ and (a;, y)^ + (y'^z) + m'^ 
of K[x,y, z] are in C* but not their product. 
(2) The ideal (a;^, y^, z'', xy'^,xyz^,xz'^, yz^, y^z^, ?/z^)nm'' + m^ of K[x, y, z, t] 
is in C* but not its square. 

Nevertheless, as an immediate consequence of Theorem 13.201 we have: 

Corollary 3.22. Let I,J G C* such that Qq{I) + Qo{J) is m-primary. Then 
IJeC*. 

Another corollary is: 

Corollary 3.23. With the notation of \3.13\ we have 

I = Li L2 ■ • • Lm 

and Qo{Li) is Pi-primary. 
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Proof. Combining (HS^ Exercise 1.1, p. 20] with 13. 18} we get: 

I = Li L2 ■ ■ ■ L„i. 

The conclusion follows from I3.2D1 provided we prove that Qo{Li) is P^-primary. So 
assume that L ^ C has order d and Qo{L) is P-primary for some 1-dimensional 
prime P. Set J = L. By degree reasons, Jd C L^^) and L(^d) Q \/^{d) = P- Hence 
J{d) ^ P which implies that Qo{J) is P-primary. □ 

4. The Goto-classes G and Q* 

Consider the following subclass of C : 

Definition 4.1. We define the Goto-class Q to be the set of the ideals I G C such 
that: 

(1) The minimal primes Pi, ... , Pm of Qo{I) are geometrically prime, equiva- 
lently, each Pi is generated by n — 1 linearly independent linear forms in 
R = K[xi, . . . , Xn] (e.g. K is algebraically closed). 

(2) For every j G N the primary components of Qj{I) are powers of the Pi's. 
That is, 

Q,(/)-nrii pT' 

with aij £ N. 
Further we set: 

G* = {I E G ■ I is integrally closed }. 

In dimension two G — C and it coincides with the whole class of contracted ideals. 
Our goal is to show that the Goto-classes G and G* behave, to a certain extent and 
respectively, as the class of contracted ideals and the class of integrally closed ideals 
in dimension 2. The factorization in Theorem 13.131 will allow to reduce most of the 
problems to the case of ideals in G with a primary characteristic ideal. So we will 
discuss in some details the properties of these ideals. 

Let P be a geometrically prime ideal of R of dimension 1 . Let L E G order d 
such that Qo{L) is P-primary. Then Qj{L) = P"j where the a^'s form a weakly 
decreasing integral sequence with aj = for j ^ 0. Hence L is described by the 
triplet P, {ckj} and d. We give another description of L that best suits our needs. 
Indeed, one shows that there exists a uniquely determined sequence of integers 
= ao < ai < • • • < such that 

d 

(4.1) L^^p'^-^r- 

1=0 

where i is any linear form not in P. To emphasize the dependence of L on P and 
the sequence oq, . . . , a^j wc will denote L by L{P, a), that is, 

d 

(4.2) P(P, a) = ^ pd-r^a, 

i=0 

Example 4.2. Let R — K[xi,X2,X3] and P — (xi,X2)- Associated with the se- 
quence a = (5, 3, 3, 2, 0, ... ) and with d = 6 we have the ideal L whose components 
are ie+j — {P°'^)6+j for j > 0. We can write L as L{P,a) = J2 P'^^^^3^ where 
a = (0,1,3,4,7,9,10). 
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Given two sequences of integers a — (ao, . . . , ad) and b = {bo, . . . , 6e) we define 
their product ab to be the sequence (co, . . . , Cd+e) where Cj = mm{ar+bs : r+s = j}. 
Furthermore we denote by a^''^ the product of a with itself k times. By the very 
definition one has: 

L(P, a)L{P, b) = L{P, ab) and L{P, a)'' = L{P, a^''^) 

for every o, b and P. We have: 

Proposition 4.3. Let a = {ao, ■ . ■ ,ad) € N'^+^ be an increasing sequence with 
ao = 0. 

(1) There exists an increasing sequence a' = (ag, . . . , a!^ with = (uniquely 
determined by a) such that for every n > 1 and for every 1-dimensional ge- 
ometrically prime ideal P of R = K[xi, . . . , a;„] one has L{P, a) = L{P, a'). 

(2) The following conditions are equivalent: 

(i) L{P, a) is integrally closed for every n > 1 and for every 1-dimensional 
geom,etrically prime ideal P of R. 

(ii) L{P,a) is integrally closed for some n > 1 and some 1-dimensional 
geometrically prime ideal P of R. 

(ii) a = a'. 

Proof. (1) Let n > 1 and let P be a 1-dimcnsional geometrically prime ideal of 
R. Choosing bases properly, we may assume that P = {x\, . . . , Xn-i) and ^ = Xn 
so that L{P, a) is a monomial ideal. The integral closure of a monomial ideal 
/ is the ideal generated by the monomials m such that E for some k > 
0. A monomial m = m,ix!^~^ with mi supported on xi, . . . ,Xn-i satisfies m*^ = 
jnkj.kd-kj g L{P,a)^ iff degmj = fcdegmi > {a'-^'>)kj iff degmi > {a^^^)kj/k. 
Hence setting 

4 =min{[(a('=^))fcj /fc] : fc > 0} 
we get (1). Statement (2) follows immediately from (1). □ 

Given a 1-dimensional geometrically prime ideal P oi R and numbers d, t € N 
with d<t we set 

Jp{d,t) = P^Tm*, 

equivalently 

jp{d,t) = {ef,...,ei_„e*), 

where P = {£i, . . . , £n-i) and iia a linear form not in P. By construction. Jp{d, t) S 
Q* and its characteristic ideal is P'^ unless t = d. Hence Jp{d,t) must be of the 
form L{P, a) for a sequence a. Indeed a simple computation shows that: 

Jp{d,t) = L{P,a) 

where a = {ao, . . . , ad) with ai = \it/d\ for i = 0, . . . , rf. 

We say that an ideal / is simple if it cannot be written as a product of proper 
ideals. 

Remeirk 4.4. It is an easy exercise and part of the folklore of the subject that 
{xf,X2) is simple in K[xi,X2] iff GCD{d,t) = 1 and that every simple integrally 
closed ideal of K[xi,X2\ with characteristic form equal to xi is of the form {xf, a;!). 

Proposition 4.5. Let a = {ao,...,ad) € N'^^'^ be an increasing sequence with 
ao = and P a 1-dimensional geometrically prime ideal of R. Then the following 
conditions are equivalent: 
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(1) L(P, a) is integrally closed, simple and different from m. 

(2) there exists t> d such that GCD{d,t) — 1 and L{P,a) — Jp{d,t). 

(3) there exists t > d such that GCD((i, t) — I and Oi — \it/d\ for i — 0, . . . , d. 

Proof. The result follows from 14.3 1 14.41 a-^d the following claim: 

Claim 4.6. L{P, a) is integrally closed and simple in i? = K[xi, . . . , Xn] if and only 
if L({xi),a) is integrally closed and simple in K[xi,X2\. 

To prove the claim assume first that L{P, a) is integrally closed and simple. 
Then L{{xi),a) is integrally closed by 14.31 If, by contradiction, L{{xi),a) is not 
simple, then L{{xi),a) = IJ with /, J integrally closed. Hence / and J are of the 
form / = L{{xi),b) and J = L{{xi),c). It follows that L{P,a) ^ L{P,b)L{P,c) 
contradicting the fact that L{P, a) is simple. 

Viceversa, assume that L{{xi), a) is integrally closed and simple. Then L{P, a) is 
integrally closed bv 14.31 If, by contradiction, L{P,a) is not simple, then L{P,a) = 
IJ with /, J proper ideals. Since m" C L{P, a) C / it follows that VT = m and 
for the same reason -s/j = m. After a change of coordinates, we may assume that 
P = {xi, . . . , Xn-i) and consider the if-algebra homomorphism ip : R ^ K[xi, ^2] 
sending Xi to x\ for i < n and Xn to X2- We have L{{xi),a) — tl>{L{P,a)) = 
'ip{I)'ip{J) and and ■0(>^) £^re proper since C ?/;(m) = {xi, X2) and similarly 
for 4'{J)- This contradicts the assumptions and proves the claim. □ 

Next we show that the factorization of Theorem 13. 1 31 restricts to the class G- 

Proposition 4.7. We have: 

(1) Let I Cz C be such that the minimal primes ofQ{){I) are geometrically prime. 
Let I = Li ■ ■ ■ L,ri be the factorization of \3.13[ Then I Cz G iff Li Cz G for 
every i. 

(2) G is closed under product. 

(3) /// e G then! e G*. 

Proof. (1) Let {Pi, . . . , Pm} the minimal primes of Qo{I)- Bv 13.131 we know that 
Qj{I)Rp. = Qj{Li)Rp. and this implies the assertion. 

(2) Let I,J E G- Set d ~ o{I) and c = o(J). We have to show that for 
every P G Mh\{QQ{IJ)) and for every j we have {IJ)(^d^c+j)Rp is a power of 
PRp. Note that {IJ)(^a+c+]) = J2l=o hd+t)J{c+j-i) and that Id+iRp = P^'Rp and 
J{c+j-i)Rp = P^^^^Rp for non-negative integers and 5^. It follows that we have 
{IJ)(d+c+j)Rp P^Rp where t = min{aj + b^^i : « = 0, . . . , j}. 

(3) Let / = Li - ■ ■ Lyn be the factorization of 13.131 Then by 13.231 we have / = 

By (1) it is enough to show that Li E G. We may hence assume that / is 
of the form L{P, a). But we have already observed in 14.31 that L{P, a) — L{P, a'), 
which implies that L{P, a) £ G- Q 

We can state now the main result of the section. 

Theorem 4.8. We have: 

(1) G* is closed under product. In particular, every I Cz G* is normal. 

(2) Every I € G* has a factorization 

I=.h---Jt 

where Ji G G* is simple and QoiJi) is primary for every i = 1, . . . ,t. 
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(3) In the factorization of (2), the factors Ji are uniquely determined by I up 
to order. Moreover, each Ji is of the form Jp-{di,ti) and di < ti with 
GCD(d„i,) = l- 

Proof. (1) Let I,J^ Q* . Bv \4:.7( 2) we know that IJ ^ Q and we have to prove that 
IJ is integrally closed. Bv l3.131l4.7f l) and l3.20l we have factorizations / = Li • • • 
and J = Ui ■ ■ - Ur and the Li and Uj belong to Q* . Hence IJ = Y[LiY[Ui. If i 
and U have P-priniary characteristic ideal then the same is true for LU . Hence, 
the factors in the (unique) factorization of 13.131 of I J are of the form LiUj (if Li 
and Uj have P-primary characteristic ideal with respect to the same prime) or Li 
or Uj. By virtue of 13.201 we may assume right away that / and J have P-primary 
characteristic ideal, say / — L{P, a) and J — L{P, b). Then I J = L{P, ab). Since / 
and J are integrally closed, the same is true for L((xi), a) and P((a;i), b) in K[xi, X2\ 
bv l4.3l As in dimension 2 the product of integrally closed ideals is integrally closed, 
we have that L{{xi), a)L{{xi), b) = L{{xi), ab) is integrally closed. Bv l4.3l it follows 
that I J is integrally closed. 

(2) By virtue of 14.71 we have I = Li ■ ■ ■ Lm with Li e G* and Qo{Li) primary. 
Hence we may assume that / = L(P, a) for some 1-dimensional geometrically prime 
ideal P and a sequence a — (oq, . . . ,ad). By Zarisky factorization theorem |ZS| 
and 14.41 one has L((xi), a) — {xi,X2yj(xi}{di, ti) ■ ■ ■ J(xi){dp, tp) with di < ti and 
GGD{di,ti) = 1. It follows that / — m'^Jp{di,ti)---Jp{dp,tp) and hence / = 
Jp{di, ti) ■ ■ ■ Jp{dp, tp). The conclusion follows from 14.51 

(3) That the factors of the factorization in (2) are of the form Jp.{di,ti) with 
di < ti and GCT)(di,ti) — 1 has been already proved. It remains to prove the 
uniqueness. Suppose we have two factorizations of / as in (2). Bv 14.71 and 13.131 
we may assume that the characteristic form of / is P-primary. Hence we have 
/ = Jp(di,ti) ■ ■ ■ Jp{dp,tp) and I = Jp{ci, si) ■ ■ ■ Jp{cq, Sq) with di < ti and 
GCT){di,ti) = 1 as well as Ci < Si and GCD (ci,Si) = 1. As a consequence 
we have m'^Jp{di,ti)---Jp{dp,tp) = m''Jp(ci, si) • • • Jp(cq, Sg), and it follows 
that {xi,X2)°-J{xi){di,ti)---J:^xi){dp,tp) = {xi,X2)''J{xi){ci,si)---Ji^xi){cq,Sq) in 
K[xi,X2]. By the uniqueness of the factorization of integrally closed ideals in 
K[xi, X2], we have that p = q and, up to the order, {di,ti) — [ci, Si) for i — \, . . . ,p. 
Hence Jp{di, ti) = Jp{ci, Si) for i — 1, . . . ,p proving the assertion. □ 

Remark 4.9. Let I be an m-primary complete intersection ideal of R. Goto proved 
in [G] that the following conditions are equivalent: 

(1) / is integrally closed. 

(2) / is normal. 

(3) / = (£1, . . . ,£n-i,in) for linearly independent linear forms ii, . . . and 
some t > 0. 

Complete intersections satisfying these equivalent conditions are called of Goto-type 
(see |CHKV| J. Note that the ideals of Goto-type are in the Goto-class Q, they are 
exactly the ideals of type Jp{l,t) used above. 

Hence, as a consequence of Theorem 14.81 we have: 

Corollary 4.10. The product of complete intersections of Goto-type is a normal 
ideal. 

In dimension 2, every integrally closed ideal has a Cohen-Macaulay associated 
graded ring (see [H2| , |LT| ) . This is no longer true in higher dimension and not even 
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for normal ideals. The first examples of normal ideals with non Cohen-Macaulay as- 
sociated graded ring is given by a construction of Cutkosky C3 . Later on Huckaba 
and Huneke |HuHu[ Theorem 3.12]) proved that 

/ = (x") + {x, y, z){y^ + z^) + (a;, y, zf C K[x, y, z] 

is normal, but gTj„{R) is not Cohen-Macaulay for every n. 
One might, however, ask: 

Question 4.11. Let I E G* ■ Is gr j{R) Cohen-Macaulay? 

We show that Question 14.111 has a positive answer in two cases. The first is the 
following. 

Corollary 4.12. Let I E G* ■ Then Rees(/) is normal. In particular, Rees(/), 
equivalently grj(_R), is Cohen-Macaulay if I is monomial in some system of coor- 
dinates (e.g. the characteristic ideal of I has at most 2 minimal primes). 

Proof. The first assertion follows from l4.8f 11. The second follows from the fact that 
if the characteristic ideal of / has at most 2 minimal primes, then up to a choice 
of coordinates, we may assume that / is monomial. For a monomial ideal /, the 
normality of Rees(/) implies its Cohen-Macaulayness as proved by Hochster |BH| 
6.3.5]. □ 

To show that 14.111 has a positive answer if dim i? < 3 we need the following 
result. 

Lemma 4.13. Let I be an xn-primary ideal of R = K[xi, . . . , Xn]. If gTj(R) is 
Cohen-Macaulay, then the degree of its h-polynomial is < n — 1. 

Proof. Since the ideal / is m-primary, then gr j (R) is Cohen-Macaulay if and only 
if grj^(i?m) is Cohen-Macaulay; moreover grj{R) and gr j^{Rjn) have the same 
Hilbert series. Hence we may reduce the problem to the local case (see for example 
Remark 2.2. [CDJRj). Note that if J is a minimal reduction of /, then the h- 
polynomial hj{z) = ho{I) hi{I)z + . . . -\- hs{I)z'' coincides with the Hilbert series 
of the ideal I / J . Now by a consequence of Briancon-Skoda [HS|, 11.1.9], we have 
/" C J, hence HFj/ j(n) = length(/" + J/I-^+^ + J) = h„{I) = and the result 
follows. □ 

Theorem 4.14. Assume that dimi? < 3. If I E G* , then gr j{R) is Cohen- 
Macaulay. 

Proof. Consider the factorization I = Li ■ ■ ■ L,„ of 13.131 We know bv 13. 201 and 14.71 
that Li E G*. By |3JJ| one has hi(z) = Z]"li IT-L^iz) + h^d{z) - I]j=i l^-m'^j i^)- 
Bv 14.121 we know that gr^.(i?) is Cohen-Macaulay for every i = 1, . . . ,to. That 
gr^^u (R) is Cohen-Macaulay for every u is well-know. Thus by 14.131 the degree of 
hLi{z) < 2 for every i = 1, . . . ,m and the same is true for hin^{z). It follows that 
the degree of hj{z) is < 2. Localizing at m we may assume that R is local. Let J be 
a minimal reduction of /; since / is integrally closed, by [Hlj we have P J = JI. 
Then the result follows by jGRl 2.2]. □ 
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